I. Introduction
Turbulent flame velocity U w is one of the basic characteristics of premixed turbulent combustion, it is a key parameter for phenomenological models of the combustion process and a promising tool for multi-dimensional computations of turbulent burning in real industrial devices [2, 3] . Turbulent combustion may proceed in several distinctive regimes with quite different properties [2] . Among them the so- The regime of turbulent flamelets has been studied theoretically for a long time and many interesting results have been obtained [4] [5] [6] [7] [8] [9] . However, most of these results were restricted to the artificial limit of zero fuel expansion, when the density of the burnt matter ρ b is the same as in the fuel mixture ρ f with their ratio Θ = ρ f ρ b = 1. [10] [11] [12] . Similar effects are expected for turbulent flamelets at least in the limit of weak and moderate turbulent intensity. The role of the DL instability for turbulent flamelets has been widely discussed, but in few papers one could find real attempts to solve the problem because of involved mathematical and computational difficulties [8, 13, 14] . However, even these papers considered only the limit of ultimately weak instability at small thermal expansion Θ − 1<< 1 (or Θ < 2 in [14] ). If one takes the artificial limit of zero thermal expansion Θ = 1 like [4] [5] [6] [7] 9] , then the DL instability disappears. Even in the case of laminar flames the nonlinear theory of the DL instability has been restricted for a long time to the limit of small thermal expansion Θ − 1<< 1 [15, 16] . Quantitative nonlinear theoretical description of the DL instability for realistically large expansion factors Θ has been developed not so long ago [11, 17, 18] . Of course, the instability effect on turbulent flames could be studied by direct numerical simulations of the complete set of combustion equations, but simulations performed so far considered flame dynamics on small length scales below 10L f [19, 20] , for which the DL instability is thermally suppressed.
Recently a nonlinear equation has been proposed, which takes into account both influence of external turbulence and the DL instability with realistically large density variations across the flame front [1] . Preliminary evaluations of the turbulent flame velocity on the basis of the obtained equation [1, 21] agree quite well with experimental results [22, 23] . Still, the particular solutions to the nonlinear equation [22, 23] did not include direct influence of the DL instability. Though such solution may be used to describe flame dynamics for a rather low integral turbulent length scale of about 30 − 50 ( )L f like in experiments [23] , a more common experimental situation involves large length scales exceeding 100L f considerably [22] , for which the DL instability affects flame velocity significantly. In the present paper we solve the nonlinear equation [1] in order to investigate the effect of the DL instability on dynamics of turbulent flames.
II. Model equation
We solve the following model equation describing dynamics of a flame front
The equation (1) has been proposed in [1] in the section below we explain the origin and the main components of the equation. Besides, we consider some particular solutions to Eq. (1) obtained before. Equation (1) [4] [5] [6] is that it takes into account realistically large density variations across the flame front described by the factor Θ = ρ f / ρ b , which is the density ratio of the fuel mixture ρ f and the burnt matter ρ b . Parameters λ c , C 1 , C 2 are related to internal thermal-chemical properties of the flame front: These parameters have been found in the linear theory of the DL instability of a flame of finite thickness L f [24, 25] . The operator Φ implies multiplication by absolute value of the wave number component along the flame surface in Fourier space, which may be presented in the case of a 2D flow as ( )
Model equation (1) has been proposed on the basis of three rigorous theories: the linear theory of the DL instability by Pelce and Clavin [24] , the nonlinear theory of curved flames resulting from the instability by Bychkov [11] and the linear theory of flame response to weak turbulence by Searby and Clavin [26] . Below we explain briefly the main results of the theories as well as components of the model equation
It has been shown [24] that development of small perturbations at an initially planar flame front may be described by the equation
Equation (3) has been obtained taking into account small but finite flame thickness L f . The numerical factors C 1 , C 2 and the cut-off wavelength λ c depend on internal flame structure [24, 25] . Particularly, in the case of a flame with Lewis number equal unity and a constant coefficient of thermal conduction the respective formulas become
In the case of an infinitely thin front Eq. (3) goes over to the Darrieus-Landau dispersion relation since λ c ∝ L f [24] . According to Eq. ( )R c nonlinear stabilization takes place leading to a smooth curved stationary flame shape [11, 12, 26] .
The curved flame shape and velocity may be described by the nonlinear equation derived in [11] :
where U w is propagation velocity of a curved (wrinkled) flame front, which is larger than U f . The nonlinear terms in Eq.(5) take into account both cusp formation at the flame front and vorticity production behind a curved flame. Equation (5) Influence of turbulence is taken into account according to the linear theory [26] for a flame front in a weak external flow
where u z is the z-component of turbulent velocity at the surface 0 = z . Assuming weak nonlinear effects, weak turbulence and a thin flame front we can combine (3), (5) , (6) into one model equation (1) , as it has been proposed in [1] .
In the present paper we consider a 2D flame propagating in a "tube" of width R with adiabatic boundary condition at the walls
so that the flame shape may be presented as
with the operator Φ ˆc os
Equation (1) for a 2D flow becomes
. (10) Incompressible 2D turbulence in the laboratory reference frame may be described by the representation [8] 
where we have taken the continuity condition into account. In Eqs. (11), (12 
The number of turbulent harmonics in (11), (12) is a free parameter of our model. In the case of a freely propagating flame front the x-dependence of turbulent velocity also includes random phases. However, since we are interested in flame propagation in a channel of finite width with slip walls, then the boundary condition of the walls requires zero phases. In general, the turbulent velocity field (11), (12) should also involve temporal pulsations. The influence of temporal pulsations has been investigated recently in [27] , where it has been shown that temporal pulsations do not lead to any qualitatively new effect in turbulent flame propagation. By this reason in the present paper we will use the Taylor hypothesis of "stationary" turbulence, for which pulsations caused by flame propagation are much stronger than "real" temporal pulsations of the flow velocity in (11), (12) . The Taylor hypothesis has been used in many papers on turbulent flame dynamics [4, [6] [7] [8] 28 ]. Since the model equation (1) is written in the reference frame of a statistically stationary turbulent flame, then we have to go over to the same reference frame in the formulas for the turbulent velocity field (11), (12) . In the case of weak turbulence we have the longitudinal turbulent velocity field at the front position
The equation (1) Below we consider briefly solution to Eq.(1) in both cases.
A) Influence of the DL instability only
If the turbulent intensity is zero U rms = 0, then the model equation (1) 
where 
which determines a maximal possible velocity increase for a stationary wrinkled flame. However, the maximal velocity may be achieved even for tubes of a moderate width, for example, for R = 2R c . The maximal velocity increase (16) depends only on the expansion factor Θ .
In the present paper we are interested, mostly, in flame propagation in channels of moderate width R /R c < 4 − 5, for which the DL instability results in stationary wrinkled flames. In much wider tubes the curved stationary shape becomes unstable with respect to the secondary DL instability of a small scale [17] . At that point it is interesting that the model equation (1) describes also the stability limits of the secondary DL instability, which are in good agreement with the results of direct numerical simulations [12] .
B) Influence of external turbulence only
The model equation (1) has also a particular solution related to the external turbulence only with no direct influence of the DL instability. Such solution has been found in [1] for a three-dimensional (3D) turbulent flow. We now obtain a 2D version of that solution taking into account the condition of weak turbulence. In the case of a turbulent flow (14) we can rewrite the turbulent terms of Eq. (1) as follows
and look for a flame front position F = F x,t ( ) in a similar form
Substituting (18) into the model equation (1) with the accuracy of linear terms we come to a system of ordinary differential equations for
with the following solution
where
and the phase shift γ i is determined by the expressions
The average turbulent flame velocity is related to nonlinear terms of Eq.(1)
where ... denotes time and space averaging. Substituting representation (18) with amplitudes (20) into (24) we find the turbulent flame velocity in the case of no direct influence of the DL instability
In (14) modelled by a single harmonic
Such a simplified assumption about a turbulent flow is often used in direct numerical simulations [9, 27, 28] . In the case of a single turbulent harmonic the expression for turbulent flame velocity becomes 
The dependence (28) is peresented in Fig. 2 
A curious point is that the limiting values for the turbulent flame velocity Eq. (29) decrease with increase of the expansion coefficient Θ . One can see the same tendency in Fig. 2a for 
III. Flame under simultaneous action of turbulence and the DL instability.

A) The method of solution
The main purpose of the present paper is to understand flame dynamics affected both by the DL instability and by external turbulence, that is, to find a more general ( ) and a strongly oscillating term H x,t ( ):
Substituting (30) into Eq (1) and taking time-average we come to the following equation:
where ... t denotes time averaging. The obtained equation is similar to the stationary equation (5) describing the nonlinear stage of the DL instability with some correction terms produced by turbulence. Eliminating (31) out of (1) we come to the timedependent equation for "turbulent" part of the solution:
In the limit of weak turbulence and weak nonlinear effects all nonlinear terms in Eq.
(32) may be neglected, since they give only small corrections to H , and we come to the linear equation: 
and find 
in Eq. (31).
We solve Eq. (31) numerically with the boundary conditions (7) taking G x ( ) in the form:
We would like to stress that the number of harmonics N T in Eq. (34) and N in Eq. In order to simplify the numerical solution it is useful to perform the following auxiliary calculations:
( ) 
where we have introduced the designation
The system (41), (42) has been solved numerically. However, instead of solving (42) directly we have introduced and solved the following system of ordinary differential equations involving virtual "time" ξ ( ) ( )
with arbitrary initial values but a fixed value of R R c / . We have found numerically that solution to the system (44) tends to a unique set of "stationary" values G i with a sufficiently small step of virtual "time" ξ independent of the chosen initial values of We have also investigated the case of a single turbulent harmonic N T = 1 popular in numerical simulations [9, 27] . turbulence is a much more pronounced resonance at R ≈ R c . Figure 9 shows how velocity of flame propagation depends on the number of turbulent harmonics N T : the more harmonics we take, the smoother resonance we get at R ≈ R c .
IV. Discussion
The results on turbulent flame dynamics obtained in the present paper may be interpreted in two ways. First, they may be used to understand flame dynamics in experiments with a relatively small integral turbulent length scale (comparable to the cut-off wavelength of the DL instability λ c ) and relatively low turbulence intensity.
Experiments of this type have been presented in [23] , where the ratio of the channel width to the flame thickness (the Peclet number) varied as R /L f = 50 − 250. Since the cut-off wavelenth is typically λ c = 20 − 50 ( )L f [24, 25] , then the experiment conditions in [23] are similar to the case of tubes of a moderate width 1 < R / R c < 5
considered in the present paper. Unfortunately, one cannot compare results of the present paper to the experimental results directly, since the present results describe a 2D flame, while the experimental flow is obviously a 3D one. Still, an indirect comparison is possible. For that purpose, one may remember that in the case of the DL instability the increase of flame velocity is twice larger for a 3D geometry in comparison with a 2D one [30] . The same relation holds for velocity increase of a weakly turbulent flame with no influence of the DL instability [1] . Thus, it would be quite natural to expect that, when both effects work together, the velocity increase is also twice larger for a 3D flow in comparison with a 2D flow of the present paper.
Such evaluation is shown in Fig. 10 Another possible interpretation of the present results is to treat them as a sub-grid study of flame dynamics in a combustor of a large scale with some turbulent intensity, which is not necessarily weak. In that case the tube width R considered in the present paper should be interpreted as the upper limit of the short-wavelength band of the turbulent spectrum, and U rms plays the role of a turbulent velocity on a length scale R.
Designating the "real" integral length scale and the "real" turbulent velocity by L T and U T we have for the Kolmogorov spectrum
The limit of weak turbulence implies U rms /U f <<1, and we took in our calculations U rms /U f = 0.2 −1. Taking into account the evaluation for the cut-off wavelength [24, 25] we find that the tubes of moderate width R < 5R c considered in the present 
